We present a self-interaction-free relativistic density-functional theory ͑DFT͒. The theory is based on the extension of our recent nonrelativistic DFT treatment with optimized effective potential ͑OEP͒ and selfinteraction correction ͑SIC͒ ͓Phys. Rev. A 55, 3406 ͑1997͔͒ to the relativistic domain. Such a relativistic OEP-SIC procedure yields an orbital-independent single-particle local potential with proper long-range Coulombic (Ϫ1/r) behavior. The method is applied to the ground-state energy calculations for atoms with Zϭ2 -106. A comparison with the corresponding nonrelativistic OEP-SIC calculations and other relativistic calculations is made. It is shown that the ionization potentials ͑obtained from the highest occupied orbital energies͒ and individual orbital binding energies determined by the present relativistic OEP-SIC method agree well with the experimental data across the Periodic Table. 
I. INTRODUCTION
In recent years, the density-functional theory ͑DFT͒ has become a widely used formalism for electron structure calculations of atoms, molecules, and solids ͓1-3͔. The DFT is based on the earlier fundamental work of Hohenberg and Kohn ͓4͔ and Kohn and Sham ͓5͔. In the Kohn-Sham DFT formalism ͓5͔, the electron density is decomposed into a set of orbitals, leading to a set of one-electron Schrödinger-like equations to be solved self-consistently. The Kohn-Sham equations are structurally similar to the Hartree-Fock equations, but include, in principle, exactly the many-body effects through a local exchange-correlation ͑xc͒ potential. Extension of the DFT to the relativistic regime also has been considered ͓6,7͔. However, with the exception of a recent relativistic local-density-functional calculation ͓8͔, there is no systematic relativistic DFT studies of atomic ground-state properties across the Periodic Table. In this paper we perform a detailed relativistic DFT calculations of ionization potentials and binding energies of atomic ground states with Zϭ2 -106, taking into account the most recent development of the nonrelativistic DFT in the context of the proper longrange behavior of the xc potential ͓9-13͔.
An essential element of the nonrelativistic DFT studies is the input of the xc energy functional. The simplest approximation for the xc energy functional is through the local spindensity approximation ͑LSDA͒ ͓1͔ of homogeneous electron gas, which has been widely used in DFT structure calculations. One deficiency of the LSDA is that the xc potential decays exponentially and does not have the correct longrange Coulombic Ϫ1/r behavior. As a result, the LSDA electrons are too weakly bound and for negative ions even unbound. More accurate explicit forms of xc energy functionals using generalized gradient corrections ͓14-16͔ are available. However, the xc potentials derived from these explicit xc functionals suffer the similar problem and do not have the proper long-range behavior. Thus, while the total energies of the ground states of atoms predicted by these xc density functionals are rather accurate, the ionization potentials obtained from the highest occupied orbital energies are typically 40-50 % too low ͓1,11,13͔. The problem of the improper long-range behavior of the LSDA and the generalized gradient-corrected energy functionals may be attributed to the existence of the self-interaction energy ͓1͔. A similar problem exists for the relativistic xc energy functionals ͓6,7͔. For a quantitative treatment of photoionization or multiphoton ionization processes, it is necessary that both the ionization potential and the excited-state properties be described more accurately.
In a recent paper, we presented a self-interaction-free nonrelativistic DFT for a more accurate treatment of the ionization potentials of the ground states of atoms (Zϭ2 -18͒ as well as the photoabsorption spectrum of autoionizing resonances ͓13͔. The method is based on an extension of the Krieger-Li-Iafrate ͑KLI͒ ͓9,10͔ semianalytical treatment of the optimized effective potential ͑OEP͒ formalism ͓17,18͔ along with the use of an explicit self-interaction-correction ͑SIC͒ term ͓19͔. The KLI procedure ͓9,10͔ reduces the computationally intractable OEP formalism ͓17,18͔ to the simpler solution of linear equations. The accuracy of the KLI method has been documented recently ͓9-11͔. However, in the OEP-KLI approach ͓9-11͔, the nonlocal Hartree-Fock energy functional is used to calculate the optimized effective potential. Such a procedure can still be time consuming, particularly for the time-dependent problems where the timedependent OEP is to be constructed for each small time step ͓20-22͔. The implementation of the explicit SIC form in the OEP-KLI formalism allows the use of any explicit xc energy functionals for the construction of the orbital-independent single-particle local potential, resulting in further considerable simplification of the OEP-KLI calculations and at the same time maintaining high accuracy ͓13͔. A similar procedure has been proposed recently for the treatment of the ground-state properties of atoms ͓12͔. As shown in our recent work ͓13͔, the optimized effective potential constructed from the OEP-KLI-SIC procedure has the proper long-range (Ϫ1/r) as well as short-range behavior and is capable of providing high accuracy of the ionization potentials and excited-state properties including singly excited autoionizing resonances. The results are in good agreement with both the experimental data and the configuration-interaction calculations ͓13͔. So far, the OEP-KLI-SIC method has been applied only to the nonrelativistic studies of either steady-state ͓12,13͔ atomic properties or time-dependent multiphoton processes of rare-gas atoms in strong fields ͓21,22͔. Encouraged by the success of these recent nonrelativistic studies, we extend in this paper the OEP-KLI-SIC formalism to the relativistic domain. To our knowledge, this is the first relativistic DFT calculation with proper account of the long-range xc potential.
In the following section ͑Sec. II͒ we present the relativistic DFT within the OEP-KLI-SIC formalism. The method is applied in Sec. III to the calculation of the ionization potentials and individual orbital binding energies for neutral atoms with atomic number Zϭ2 -106. A comparison with nonrelativistic OEP-KLI-SIC and other relativistic calculations is also made. It is shown that our relativistic OEP-KLI-SIC results are in good agreement with the experimental data ͓23͔ across the Periodic Table.
II. RELATIVISTIC DENSITY-FUNCTIONAL THEORY WITH OPTIMIZED EFFECTIVE POTENTIAL AND SELF-INTERACTION CORRECTION

A. Relativistic density-functional theory
The relativistic density-functional theory ͑RDFT͒ is the generalization of the nonrelativistic Hohenberg-Kohn-Sham density-functional formalism ͓4,5͔ to the relativistic regime ͓6,7͔. When the many-body effects are approximated locally as being those of a homogeneous relativistic electron gas, the relativistic local-density approximation ͑RLDA͒ is obtained ͓6,7͔.
In the RDFT, one solves the single-particle Dirac-Focklike equation for N-electron atomic systems ͑in a.u.͒ ͓c␣•pϩ␤c
where v e f f , is the effective one-particle local potential, is the spin index, and ͕ i ͖ are the four-component spinors.
The total electron density is given by
and the total energy of the ground state is expressed as
͑3͒
Here T s is the kinetic energy of the noninteracting N-electron systems including the rest mass energy
J͓͔ is the classical electron-electron interaction energy
E xc is the relativistic counterpart of the exchange-correlation energy, and v ext is the external potential including the electron-nucleus interaction. Minimization of the totalenergy functional ͑3͒ subject to the constraint
yields Eq. ͑1͒ with the effective potential
where v xc, is the exchange-correlation potential
͑8͒
In the RDFT, the exchange-correlation energy functional can be recast as ͓6,7͔
where E x DF is the Dirac-Fock exchange-energy functional ͓7͔, E x tr is the transverse exchange-energy functional ͓7͔, and E c is the correlation-energy functional. E x tr and E c are defined by requiring that E x tr contains the part that is linear in the fine-structure constant ͓7͔. The treatment of the transverse exchange energy is usually performed via the Breit interaction ͓24͔ or a generalization thereof ͓24͔. Although the exact energy functional form is unknown, an approximate RLDA for these exchange functionals has been derived by MacDonald and Vosko ͓7͔ based on the relativistic homogeneous electron gas model. Similar to the nonrelativistic case, the relativistic DFT described above contains the undesirable self-interaction energy. Thus the RLDA exchange-correlation potential ͓6,7,25͔ does not have the proper long-range behavior either. In the following section we present a self-interaction-free relativistic DFT based on the extension of the nonrelativistic OEP formalism with SIC ͓12,13͔ to the relativistic domain.
B. Relativistic DFT with the OEP with SIC
We consider below the relativistic generalization of the nonrelativistic DFT with the OEP with SIC ͓12,13͔. In this framework, the orbital wave functions ͕ i (r)͖ are obtained by the solution of a set of single-particle equation, similar to the Dirac-Fock-like equation in Eq. ͑1͒,
͓To facilitate the comparison with the nonrelativistic results, we have subtracted the rest mass energy c 2 from the eigenvalues of Eq. ͑10͒.͔ Since the total energy is a functional of the electron density and the electron density in turn is a functional of V SIC, OEP , the total energy is a functional of V SIC, OEP . The optimized effective potential is obtained by the requirement that the spin orbitals ͕ i ͖ in Eq. ͑10͒ are those that minimize the total-energy functional
where
͑13͒
Note in Eq. ͑13͒ that we have used the SIC term due to Perdew and Zunger ͓19͔.
To obtain V SIC, OEP and the orbital energies ⑀ i , Eqs. ͑10͒ and ͑11͒ are to be solved self-consistently. Such a direct procedure, however, leads to an integral equation that is computationally rather formidable. Here we extend the OEP-KLI-SIC procedure ͓12,13͔ to the determination of orbital-independent relativistic optimized effective potential. Similar to the nonrelativistic case, the relativistic V SIC, OEP can be expressed as
and 
In actual computation, we found that the use of Eq. ͑19͒ for the solution of V SIC, i may be avoided. Since the set of OEP-KLI equations ͑10͒ is to be solved self-consistently along with Eq. ͑14͒, it is sufficient to use the value of V SIC, i from the previous iteration in Eq. ͑15͒ without the need to calculate M i j, and V i s . This simplified procedure leads to the same final converged results. Finally, we choose V SIC, iϭN ϭ v N for the highest occupied orbital, as suggested by the KLI procedure ͓9,10͔.
C. Orbital binding energies and ionization potential in the OEP-KLI-SIC formalism
The electron binding energy of a given spin orbital (i), namely, the minimum energy needed to remove an electron from a given spin orbital, is defined as the total-energy difference of an N-electron system and the corresponding (N Ϫ1)-electron system with one i electron removed. Removing an inner-shell i electron will cause all other electron spin-orbital wave functions undergoing relaxation. If i is not the highest occupied spin orbital of the N-electron system, the (NϪ1)-electron system with the i electron removed will not be in the ground state and the total energy of this (N-1)-electron system is difficult to calculate within the density-functional theory. To estimate the binding energy of any given spin orbital, we follow the procedure by Janak ͓26͔. Thus the energy required to remove an infinitesimal fraction (d f i ), 0р f i р1, of the electron from the spin orbital i can be expressed as
The binding energy of the given spin orbital i can be obtained by
Here h i is the single-particle relativistic Hamiltonian corresponding to the i orbital. From the DFT point of view, Eq. ͑23͒ is exact only for the binding energy of the outermost electron since in this case both the N-electron and (NϪ1)-electron systems are in their ground states. For inner shell electrons, Eq. ͑23͒ provides an approximation for the orbital binding energy. Within the general OEP formalism ͑without the use of the KLI SIC͒, Eq. ͑23͒ can be written as
When the KLI-SIC procedure is implemented in the OEP formalism, we get
The expression for the binding energy of i orbital within the OEP-KLI-SIC formalism can now be simplified as
where ⑀ i is spin-orbital energy from Eq. Although the relativistic OEP-KLI-SIC procedure is similar to that of the nonrelativistic OEP-KLI-SIC, there is a subtle difference. In the nonrelativistic theory, the electron spin is a good quantum number and the spin-density is well defined. However, the electron spin is not a good quantum number in the relativistic theory due to the electron spinorbit interaction and the spin density is in principle not well defined. Therefore, the spin-density concept in the relativistic DFT is an approximation. Nevertheless, we can still use the spin density as suggested by the early work of the relativistic density-functional formalism ͓6,7,25͔. Such an approximation is quite good since even for high-Z atoms, the electron spin-spin interaction can still compete with the spin-orbit interaction for the valence orbitals, while for the inner-shell orbitals, all the electrons are spin paired. For closed-shell atoms, the relativistic local-spin-density approximation is the same as the relativistic local-density approximation.
III. CALCULATIONS OF ATOMIC ORBITAL ENERGIES AND IONIZATION POTENTIALS: THE RELATIVISTIC OEP-KLI-SIC METHOD
In this section we apply the relativistic DFT with OEP-KLI and SIC ͑R-OEP-KLI-SIC͒ method to the calculation of the orbital binding energies and ionization potentials ͑ob-tained from the highest occupied orbital energies͒ for the ground states of atoms with Zϭ2 -106. We use the LSDA exchange-correlation energy functional of Vosko, Wilk, and Nusair ͓27͔ and the relativistic corrections to the exchange proposed by MacDonald and Vosko ͓7͔. The relativistic correction to the correlation energy, which is considerably smaller than that of the exchange energy, is not considered. For the study of the relativistic effects, we also perform the corresponding nonrelativistic ͑NR͒ OEP-KLI-SIC calculations.
The relativistic LSDA exchange-energy functionals in Eq. ͑9͒ have the forms ͓7͔
FIG. 1. Ionization potentials calculated by ͑a͒ nonrelativistic OEP-KLI-SIC and ͑b͒ relativistic OEP-KLI-SIC with x-only ͑dashed lines͒ and xc ͑solid lines͒ energy functionals for neutral atoms with 2рZр106. The experimental ionization potentials ͓23͔ are also presented ͑open circles͒ for comparison.
where F C and F T are the relativistic correction factors given by 
͑31͒
with ␤ϭv F /cϭ( 3 2 ) 1/3 /c and ϭ(1ϩ␤
. The numerical solution of Eq. ͑10͒ is performed on the exponential grid as originally used in the Liberman's code ͓28͔:
where N is the total number of grid points and r 0 and r max are, respectively, the minimum and the maximum radius used. Our calculated atomic orbital energies with the RLDA reproduce exactly the recent RLDA calculations ͓8͔. Figure 1͑a͒ shows the comparison of the ionization potentials obtained from the NR-OEP-KLI-SIC calculations with the experimental data ͓23͔ ͑open circles͒. The results of two different calculations are presented: ͑i͒ x ͑exchange͒-only calculations ͑dashed line͒, where the correlation energy functional is not used, and ͑ii͒ exchange-correlation ͑xc͒ calculations ͑solid line͒ where both the exchange and the correlation energy functionals are used in the OEP-KLI-SIC calculations. Figure 1͑b͒ shows the corresponding results from the relativistic OEP-KLI-SIC calculations. Several interesting features are observed. First, we note that the inclusion of the correlation energy functional systematically improves the agreement of the calculated results with the experimental data in both the nonrelativistic and relativistic cases. With the inclusion of the correlation, the valence electrons are more tightly bound and the ionization potentials are higher than those in the x-only calculations. Figure 1͑a͒ indicates that the discrepancy between the calculated nonrelativistic ionization potentials and the experimental data increases with increasing atomic number Z. This is expected since the relativistic effects are more important for higher-Z atoms. Figure 1͑b͒ shows that the calculated relativistic ionization potentials with xc energy functional ͑solid line͒ are in closer agreement with the experimental data across the Periodic Table. Note that the ionization potential for each atom here is obtained directly from the highest occupied orbital energy rather than from the energy difference between the neutral atom and the corresponding ion ͑the so-called relaxed orbital method ͓29͔͒, such as that used in the recent RLDA calculations ͓8͔. The good agreement of the R-OEP-KLI-SIC re- sults with the experimental data indicates that the optimized effective potential in our calculations is significantly more accurate than the traditional effective potential calculated directly from the Kohn-Sham equation or the Dirac-Fock-like equation ͑10͒. More discussion of the quality of the optimized effective potential is given in the following subsection.
A. Ionization potentials of atoms with atomic number 2рZр106
B. Relativistic effects on the orbital binding energies in Ar "low-Z…, Xe "medium-Z…, and Hg "high-Z… atoms
In the preceding subsection, we show that the ionization potentials from the R-OEP-KLI-SIC calculations are in good agreement with the experimental data for almost all the atoms in the Periodic Table. However, ionization is mainly determined by the binding energy of the outermost valenceshell electrons where the relativistic effect is the smallest among all the occupied electron orbitals. This is revealed also from the comparison of the nonrelativistic versus the relativistic results in Figs. 1͑a͒ and 1͑b͒ , where one sees no major discrepancies of the ionization potentials for most of the atoms apart for those with Zу70. It is desirable therefore to explore also the relativistic effects on the binding energy of inner-shell electrons from the relativistic DFT point of view. A comparison of the present results with those of other methods and experimental data will be made to further assess the accuracy of the present relativistic OEP-KLI-SIC method. While we have performed the calculations for all the atoms with Zϭ2 -106, we present here only the representative results from Ar ͑low-Z), Xe ͑medium-Z), and Hg ͑high-Z) atoms.
Tables I and II list the orbital binding energies of Ar and Xe, respectively, obtained by both nonrelativistic and relativistic calculations. Also shown are the experimental data for comparison. For the nonrelativistic data, we show the results from the Hartree-Fock ͑HF͒, LSDA, and our NR-OEP-KLI-SIC calculations with ͑xc͒ and without ͑x only͒ the correlation. For the relativistic data, we show the results from the Dirac-Hartree-Fock ͑DHF͒, RLDA, and our R-OEP-KLI-SIC ͑x-only and xc͒ calculations. For the OEP/KLI-SIC results, the binding energy of individual orbital is defined by Eq. ͑27͒. From Tables I and II, we first note that the inclusion of the correlation tends to increase the binding energy of individual electron orbital for both the nonrelativistic and relativistic cases. A close examination of the data shows that the correlation contribution to the binding energy is about the same order of magnitude ͑in the range 0.02-0.05 a.u.͒ for different orbitals. While such a correlation contribution is not important to the inner-shell electrons, particularly for higher-Z atoms, it is essential to the valence electrons and therefore the corresponding ionization potentials. For Ar, the relativistic effect is not significant and the largest difference of the R-OEP-KLI-SIC and NR-OEP-KLI-SIC results is around 0.5 a.u. for the 1s orbital. The discrepancy decreases as the principle quantum number of the orbital increases. Our R-OEP-KLI-SIC with xc results are uniformly in closer agreement with the experimental data than those of the DHF and RLDA calculations. In the RLDA, since the xc potential does not possess the correct long-range (Ϫ1/r) behavior, the binding energies of all the orbitals are significantly lower than those of other calculations. Similar behaviors discussed above for the Ar atom are also observed for the Xe atom ͑Table II͒, except that the relativistic effects are now substantially stronger. For example, the difference in the 1s binding energies from the R-OEP-KLI-SIC and NR-OEP-KLI-SIC calculations for Xe is 53 a.u. Such a discrepancy decreases for outer-shell electrons with increasing principle quantum number. For a given principle quantum number n, the discrepancy of the relativistic and nonrelativistic results is smaller for electrons with higher angular momenta. This is due to the fact that electrons with lower angular momenta can penetrate more easily into the inner region where the relativistic effect is stronger. Finally, we note that among all the calculations, the relativistic OEP-KLI-SIC results ͑with xc͒ have the best overall agreement with the experimental data.
We now consider the representative high-Z atom, mercury ͑Hg͒, with Zϭ80. Since the relativistic effects are now rather strong, we present only the results from the relativistic calculations in Table III. Included in this table are the results from DHF, RLDA, R-OEP-KLI-SIC ͑x-only and xc͒ calculations and the experimental data. Also included here are the results denoted by DHFGR obtained from the DHF calculations but including the Gaunt and retardation transverse interaction energies ͓24͔. In general, the DHFGR results are uniformly in better agreement with the experimental data than those of the DHF as expected. Note that our R-OEP-KLI-SIC results also include the transverse interaction con- tributions through the relativistic exchange energy functionals in Eqs. ͑28͒ and ͑29͒. Among all the calculations, the RLDA binding energies have the largest deviations from the experimental data. Overall, the R-OEP-KLI-SIC ͑with xc͒ binding energies have the best agreement with the experimental data.
To understand the considerably different behavior of the RLDA and R-OEP-KLI-SIC results, we show in Figs. 2͑a͒ and 2͑b͒ the corresponding exchange-correlation potentials for Hg: RLDA ͑dashed line͒ and R-OEP-KLI-SIC ͑solid line͒. From Fig. 2͑a͒ , we see that the R-OEP-KLI-SIC xc potential has the correct long-range (Ϫ1/r) behavior, while that of RLDA does not. Figure 2͑b͒ shows comparison of the two xc potentials in the inner region. It is seen that both potentials exhibit the shell structure, but the RLDA potential is shallower than that of the R-OEP-KLI-SIC calculation. Thus the binding energies of the RLDA are always smaller than those of other calculations with the correct long-range behavior.
That the results of R-OEP-KLI-SIC calculations are uniformly better than those of the DHFGR ͑apart from the innermost 1s and 2s electrons͒ is at first somewhat surprising. Equation ͑27͒ shows that the OEP-KLI-SIC binding energy contains the orbital energy ⑀ i and an additional term ⌬V SIC i ϭV SIC, i Ϫ v i , the latter of which is also listed in Table III . For the highest occupied spin orbitals, such a term is set to be zero according to the KLI procedure. For other inner-shell orbitals, ⌬V SIC i makes a significant contribution to the binding energies. For Hg(1s), such a contribution is 29.281 a.u. Similar to the pattern of the binding energy, ⌬V SIC i also exhibits a shell structure, namely, ⌬V SIC i is the largest for the 1s orbital and (2s,2p) the second largest with similar order of magnitude, and so on. While the absolute value of ⌬V SIC i becomes smaller as the principle quantum number increases, the percentage of its contribution to the binding energy is by no means smaller. In fact, for the 5d-shell electrons, the percentage contribution of ⌬V SIC i to the binding energies is as large as 18%. Close examination of Table III reveals that the inclusion of the term ⌬V SIC i has the effect of making the ''correction'' to the OEP orbital energies ⑀ i in the right direction and bringing the orbital binding energies significantly closer to the exact values. It is known previously ͓9-13͔ that the OEP-KLI procedure can provide accurate binding energy for the valence electron, namely, the ionization potential. From the present study, it is gratifying to see that the OEP-KLI-SIC procedure can also provide rather accurate binding energies for the inner-shell electrons.
IV. CONCLUSION
In conclusion, we have presented in this paper a selfinteraction-free relativistic density-functional theory. The procedure is applied to a systematic study of the binding energies and ionization potentials for atoms with atomic number Zϭ2 -106. The results are in good agreement with the experimental data throughout the Periodic Table. Similar to the time-dependent nonrelativistic OEP-KLI-SIC formalism ͓21,22͔, the present steady-state R-OEP-KLI-SIC procedure can be also extended to the time domain for nonperturbative study of relativistic multiphoton dynamics in superstrong laser fields. Work in this direction is in progress.
